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Programme du Mercredi 06 Décembre 2017,
Salle de Conférences, Batiment Bibliothéque

Ouverture : 09h00-09h30

Session 1 : 09h30-10h50

— Salima Amrouche & Mustapha Moulai, Two-stage Biobjective Stochastic Integer Pro-
grams.

— Ilhem Azzi & Meéziane Aider, Une méthode hybride pour le probléme du p-médian mul-

tiobjectif.

Assia Menni & Djamal Chaabane, Possibility-based optimization over an integer efficient

set in fuzzy environment.

— Lamia Aoudia & Meéziane Aider, Star forest via facility location problem.

Pause 1 : 10h50-11h10

Session 2 : 11h10-12h30

— Nouara Bellahdid & Moncef Abbas & Xavier Siebert, Active learning classification
strategies.

— Fatma Mebrek & Djamal Chaabane, Algorithm for Solving Multiple Integer Linear Pro-
gramming Stochastic Problem.

— Djamila Chouiter & Moncef Abbas, Quelques techniques d’intégration des méthodes
multicritéres aux SIG pour l'aide & la décision.

— Yazid Benkanoun & Djamal Chaabane, Pertinence d’une agrégation multidimensionnelle :
I'intégrale de Choquet un bon candidat.

Pause 2 : 12h30-14h20

Session 3 : 14h20-15h40

— Fatma Tammal & Meéziane Aider, An exact algorithm for the sum chromatic number
based on maximum independent set Problem.

— Karim Meérabténe & Zineb Benméziane, Les cycles pleinement prolongeable dans les
graphes Quasi sans griffe.

— Yamina Bekhti & Méziane Aider & Hamamache Kheddouci, Ensembles dominants
positifs des graphes réseaux.

— Abdelkader Sahraoui & Zineb Benméziane, Hamiltonicité et pancyclicité dans des su-
perclasses de graphes sans étoile.

Cléture : 15h40-16h10
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A propos des journées

Présentation

Les Journées Doctorales de Recherche Opérationnelle et Management JDROM’2017, ont pour
vocation de réunir, de maniére réguliére, les doctorants de la formation doctorale Recherche
Opérationnelle et Management pour faire le point sur I'état d’avancement de leurs projets de
théses. La pr2sente édition est prévue pour les 06 et 07 décembre 2017. Leur objectif est également
de permettre & ces jeunes doctorants de profiter de la présence de conférenciers et chercheurs
seniors invités ou des laboratoires AMCD&RO et LaROMaD pour engager des discussions autour
de leurs problématiques de recherche et bénéficier ainsi de ’expérience de ceux-ci.

Thémes

Les thémes de ces journées englobent I’ensemble des sujets de recherche des laboratoires LaRO-

MaD et AMCD&RO, dont :

— Théorie des Graphes : problémes métriques, problémes de routage, de coloration, de codes,
de graphes parfaits, de stables, d’hamiltonicité, produits de graphes, ...

— Optimisation : discréte, globale, stochastique, mono et multi-objectif, . ..

Aide multicritére a la décision,

Logistique et ordonnancement,

Public visé

Cette conférence s’adresse en premier lieu aux jeunes chercheurs en Recherche Opérationnelle
et principalement aux doctorants dont le sujet de recherche s’inscrit dans I'un des thémes ci-
dessus. Elle est, de plus, ouverte & toute personne souhaitant découvrir une partie de l'activité
scientifique des Laboratoires AMCD&RO et LaROMaD.

Comité de pilotage

Abbas Moncef, Aider Méziane (président des journées), Ait Haddadéne Hacéne, Benméziane
Zineb, Chaabane Djamal, Khelladi Abdelkader, Moulai Mustapha, Ouafi Rachid, Semri Ahmed.
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Two-stage Biobjective Stochastic Integer
Programs

Salima Amrouche®) & Mustapha Moulai®

(1.2) LaROMaD, Fac. Maths, USTHB, Pb 32, 16111 Bab Ezzouar, Algeria

(1)samrouche@usthb.dz & (Y)mmoulai@usthb.dz

Abstract : Stochastic optimization problems take into account random influence. In this
paper, it is assumed that this can be described by means of a discrete probability distri-
bution of R realizations. We consider Two-stage Biobjective Stochastic Integer Linear Pro-
grams (BOSILP) where two conflicting criteria have to be optimized simultaneously such
as decision variables are required to be integers. We convert the original problem into a
deterministic biobjective programs without integrality constraints (BOLP). Starting with
an optimal solution of linear programs whose objective is a first criteria, with respect to
the first-stage constraints as well as existing feasibility cuts and optimality cuts defining in
integer L-Shaped of stochastic optimization, branching process is carried out to detect an
integer solution with a comparison to the ideal point and nadir point in each branch. When
a such solution is obtained, it is tested for efficiency with those already found using the
criteria values. The proposed method converges in a finite number of iterations.

Keys words : Biobjective integer programming, Stochastic programming

MSC(2010) : 90C15,90C10.

Introduction

We define BOSILP problem

min Cy(&)x
min Cy(&)x
s.t.
(#) T(€)e = h(€) @
T € Sy,
T integer

where C1,Cy, T and h are random matrices of respective dimensions 1 X n, 1 X n, mg X n and
mo X 1 defined on some probability space (2, E, P); Sp = {z € R"|Az = b,z > 0} with b € R™
and a real matrix A the m x n. Throughout this article, we assume that Sy is a non-empty,
compact polyhedron set in R"™.
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The transformed deterministic model

Assume that we have a joint finite discrete probability distribution of the random data : {(£", p,),
1,..., R}, where R is the number of realizations (scenarios).

In the first step, for each realization £ of { we associate a criteria C1(£"), Ca2(§"), T'(§") and
a vector h(£") to take into account the different scenarios affecting the two objectives and the
stochastic constraints. E¢ represents the mathematical expectation with respect to . Assume
that the recourse matrix W is deterministic. The above problem is equivalent to the so-called
deterministic equivalent DE problem

min 7y = Z] + Q(x),
min Zs = Z) + Q(x),

(DE){ s.t. (2)
x €9,
T integer
where
Zz/ = Eﬁ[CZ(g)wL Q(x) = Ef[Q(*%ﬁ)]? 1=1,2 (3)
and
Q(z,&") =min{(¢")'z | T(" )z + Wz =h(£"), z>0}. (4)
max {o'[h(§") = T(€")a"] | o'W <0, |lofl; <1} (5)

where o is the optimal solution of (5), d, = (¢¥)!h(¢") and D, = (o?)!T(£7).
If D,z¥ — d, < 0, we generate the feasibility cut done by

Dyx > d, (6)
Let X ={z € Sy | D,z >d,, rc{l,.., R}

Definition 1. A point 2V € X is efficient for (P) if and only if it does not exist another point
z € X such that Zj(z) < Z;(z"),Vj € {1,2} and Zj(z) < Z;(z") for at least one j € {1,2}
and for all the realizations £, r = 1,..., R. The resulting criterion vector Z;(x") is called non-
dominated.

The dual of second stage program given by

max {wh(¢") = T(¢")a"] | AW < (7)) )
Proposition 1. The set {z | Wz =h(£") = T(£")z?, z > 0} is non-empty if and only if

O':T[W < 0 implies that d, — D,z" < 0.

Let mY be the optimal solution of (7), Q(z") = e, — E,z’, e, = Zlep’”(ﬂff)th({r) and E, =
Sl b (m) T (EN).

If 0¥ < e, — E,.x", we generate the optimality cut written as

Ex+0>e (8)

10
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Solution method

We consider the so-called current problem (P;) that’s obtained at step [ in a structured tree :

min Z; = E[Ct(&)x] + 6

s.t.
(B) Dz > d, l=1,.,N (9)
Ex+0>2e, l=1,....M
T €5

Sip1 = {w €S| —Clx>—-Clal + D jEN\H, L—CA’]ZJ T; + max {1, L—C}OJ } i € Kl},

where IV, is the indices set of non-basic variables of 2!, Hf = {j € N, | /c\;l <0}u{j e Ny | i = (0, ...

K, ={ie{1,2} | HH #0} and Eé-l is the component j of the reduced cost vector of the objective
function Z;.

Let 2! be the I** generated optimal solution of problem (P;) and starting with § = —oo, the ob-
jective E[C}(&)z] is minimized under the deterministic constraints.

If for some realizations the second stage problems yielded by the solution x are not feasible, a
feasibility cut is introduced. Then, the problem is optimized again to obtain another feasible
point x.

If z is not integer, create two new branches (nodes) at one fractional component of z. At each
node, the ideal objective value Z! and nadir objective value ZV are computed for discarding non
efficient feasible solutions. If Z is not dominated by Z or Z¥ is not dominated by Z, this node
is fathomed. The branching process is to be continued to explore the remaining feasible domain
to obtain an integer feasible point z!. Using x!, we solve the programs (7) for all realizations,
and compute Q(z!). If 8 < Q(x!), then a new optimality cut Ejz > ¢; is added to the current
problem ().

In presence of integer optimal solution which compared with those already found, the set of
non-dominated vectors is updated.

Then, the increasing directions of the criteria are using to build an efficient cutting plane defi-
ned in S;4 (see [1],[2]) to seek for an other integer solution avoiding the exploration of domains
containing only dominated integer solutions. A node [ of the tree is fathomed if the corresponding
program (P)) is not feasible or if K; = (). The method terminates when all the created nodes are
saturated.

Conclusion

In this paper, an exact method for generating all efficient solutions for two-stage biobjective
stochastic integer linear programming problems is presented. As the computation of exact values
of ideal point and nadir point is so easy, the cpu time of the exploration of the tree is improved.
This way, our contribution can cover as a gap in the scientific literature.

11
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Star forest via facility location problem
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Abstract : Let G = (V, E) be an undirected graph where the edges in F have non negative
weights. A star in G is either a single node of G or a subgraph of G where all the edges share
common end-node. A star forest is a collection of vertex disjoint stars in G. The weight of
a star forest is the sum of the weights of its edges. This paper deals with the problem of
finding a Maximum Weight spanning Star Forest (MWSFP) in G. We present a polyhedral
investigation of the MWSFP. More precisely, we study the facial structure of the star forest
polytope, denoted by SFP(G), which is the convex hull of the incidence vectors of the star
forests of G. We give a complete characterization of the SFP(G) when G is a tree, which
the projection of the simple extended formulation issued from the prize collecting version of
the uncapacitated facility location polytope.

Key words : Star forest, facility location, Fourier Motzkin elimination

MSC(2010) : 90C06.

Introduction

Given an undirected graph G = (V, E) where n = |V| and m = |E|, a star in G is either a single
node or subgraph of G where every edge shares one common end-node. The later is called the
center of the star when the star is not reduced to a single node. If the star is a single edge,
then any of its end-nodes can be designated as the center. A star forest is a collection of vertex
disjoint stars in G.

We assume that edges in G have non negative weights ( note that the unweighted case can be
seen as a special weighted case when weights are 0 or 1), then the weight of a star forest or an
edge dominating set is the sum of the weights of its edges. The Maximum Weight spanning Star
forest Problem (MWSFP) is to find a star forest spanning the nodes of G of a maximum weight.

In this work we present a polyhedral investigation of the MWSFP for trees. More precisely, we
study the facial structure of the star forest polytope. In the first part of the paper, we give
a complete characterization of SFP(G) when G is a tree, which is obtained by projection of a
simple extended formulation issued from the work of Baiou and Barahona [3] on the uncapacitated
facility location polytope.

Here some notations that will be used in the paper. For x € R™, given any FF C F, we let x € F'

denote er. For z € R™, given a set S C V', we let 2(S) denote the sum Zl‘v. Given a set

ecF veS
of vertices S, we denote by E(S) the set of edges with both edges belonging to S. Let v € V,

the neighborhood of v denoted N(V'), is the vertex set consisting of v and the nodes which are

13
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adjacent to v. Given any edge subset F' C E, let V(E) denote the set of the end-nodes of the
edges in F'. We call a 3-path a simple path having 3 edges in G and 3-cycle a triangle in G. Let
P4 (respectively C3) denote the collection of the 3-paths (resp. 3-cycles ) in G.

An integer linear formulation was provided in the paper [8] as follows :

max wx
st x(Py) <2  forall Pye€Py (10)
x(C3) <2  forall C3 € C3 (11)
0<z(e)<1 forallecF (12)
x(e) integer

The first inequalities (10) are the 3-path inequalities an their role is discard paths of length
3. The second (11) is the 3-cycle inequalities and they are used to eliminate 3 — cycle in the
graph. Any feasible solution of the system above defines a characteristic vector of a star forest.
Let S = {zF € RIPI|F is a star forest} Then SFP(G) = convhull(S) Now, to solve the integer
linear programming problem given above, we make use of the polyhedral combinatorics. First,
we discard the integrality constraint and unfortunately the resulting polyhedron is not integral
so other inequalities are needed in the description of SFP(G). Let us define the matching tree
inequalities as follows

Let G be an arbitrary graph (not necessarily a tree).

A subgraph 7 of G is an M-tree associated with a perfect matching M if :
— T is a tree.
— the node set of 7 is the node set of M.
— the set of pendent edges (leaves ) of 7 is M
Given a perfect matching M and an M-tree T associated with M, we define the M-tree inequa-
lities as follows :
2(r) < M (13)

We can remark that the M-tree inequalities generalize the inequalities z. < 1 for e € E and the
3-path inequalities. These are M-tree inequalities with |M| =1 and |M| = 2 respectively.

Theorem 2. * The M-tree inequalities (13) are valid for SFP(G) .
* The M -tree inequalities (13) define facets for SFP(T) .

Remark 1. For every M-matching M of T, there is a unique M tree associated with M.

Démonstration. Suppose that M = {e1,es,...,er}. We can see that there is a unique subset
S = {ti,ta,...,tx} € V(M) such that t; € V({e;}) for i = 1,...,k and the subgraph induced
by S is connected. Indeed, the fact that there are two such subsets .S yields a cycle which is not
possible since G is tree. O

Thus given an M-matching M of T, let 73y be the M-tree associated with M. The aim of the
next section is to show the following theorem

Theorem 3. The M -tree inequalities and the non-negativity inequalities completely define SFP(T).

14



Journées Doctorales de Recherche Opérationnelle et Management, 06-07 Décembre 2017
Laboratoires LaROMaD et AMCD&RO, Faculté de Mathématiques, USTHB

Facility location and star forest

In the following we consider an extended formulation of the SFP(T') derived from the unca-
pacitated facility location problem, and show that the projection of this formulation gives the
M-tree inequalities.

Let T = (V, E) be the b-directed tree obtained by replacing every edge ij of T' by two arcs (,7)
and (j,7). Hence, T has the same vertex set as T and the number of arcs in the set E is two
times the number of edges in E. We consider the uncapacitated facility location problem (UF LP)
defined on T where each vertex i could be either a facility or a client, and each arc (i,5) € T
represents the assignment of the client ¢ to the facility j. In a solution of the uncapacitated
facility location problem each vertex ¢ should be determined to be either a facility or a client.
If in a solution i is a facility then it should be opened with cost w(i) and i is called a center
in this case. Otherwise (i.e. 7 is a client) it should be assigned to an open facility j with a cost
¢(i, 7). Note that there can be centers in a solution to which no client is assigned.

We consider here the symmetric uncapacitated facility location problem SUFLP, a special version
of the UFLP on T in which assignment costs are symmetric (i.e. ¢(i,j) = ¢(j,i)) and there is
no opening cost for facilities (w(i) = 0 for all ¢ € V'). Let us associate with each solution of the

UFLP, the incidence vectors (z,y) € RIEHIVI defined as follows :
— For all (i,j) € E,
VU 1 if (i,5) € F
(i, j) = .
0 otherwise

where Z(i, j) is the component of x corresponding to the arc (i,7) € E, and
— Foralli eV,

y(i) =

1 if71is a center in F
0 otherwise

where y(7) is the component of y corresponding to the vertex i € V'

Let UFLP(T) denote the convex hull of the incidence vectors of the solutions of the UFLP(T)

Theorem 4. [3] The following linear system completely defines the UFLP(T) :

> E(G ) +yl) < LforallieV (14)
(3,5)EE

E(i,j) < y(i) for all (i,§) € E (15)

0<y(i) < 1forallveV (16)

Z(i,j) > 0 forall (i,j) € E (17)

Actually, in [3], the authors characterize all the graphs G such that the above linear system
completely defines UFLP(G). Such graphs include bidirected trees. Let us now consider the
MWSFP on T in which for each edge ij € T, the cost ¢;; is equal to c(4, j). It is easy to see that

there are correspondence between the solutions for SUFLP on T , and the ones for MW SFP
on T, as expressed in the following lemma.

Lemma 5. (a) : Any solution for SUFLP on T corresponds to a solution of the MW SFP on
T of the same cost.

15
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(b) : On the other hand any solution for the MW SFP on T correspond to one or several solu-
tions for SUFLP on ? at the same cost.

Démonstration. (a) Given a solution L for SUFLP on T', we built a solution F of MW SFP as
follows : each facility j in L is a center in F' and each assignment ¢ to j in L correspond to the
edge ij € F.

(b) If an edge ij in the solution for MW SFP with j as a center then the assignment i to j
is in the solution for SUFLP. When ij is an isolated edge in the solution of MW SF P, the
correspondence leads to several solutions for SUFLP of the same cost depending on whether ¢
or j is considered as a center.

O]

Given extra variables € R¥ where the components x;j corresponds to the edge ij € E, let

ESFP(T) be the linear system given by inequalities (14), (15), (16), (17) together with the
equality z;; = Z(7,j) + Z(j, ) for all (¢,7) € E. We have the following lemma.

Lemma 6. ESFP(T) is an extended formulation of SFP(T).

Démonstration. Let (Z,y) be a solution of the UFLP(f) then by theorem 4, (Z,y) is integer. Let
x € RE such that x;; = Z(i, j) +(j, 1) for all ij € E. By inequality (14), we have (i, ) < 1—y(i)
and by (15), we have Z(7, ) < y(i). Hence, z;; = Z(i,7) + Z(j,7) < 1 for all ij € E. It is then
easy to see that x is the incidence vector of a star forest in 7" and hence an extreme point of
SFP(T).

Conversely, let x be an extreme point of SFP(T). Let F' be the star forest induced by z. Let

# € RF be defined for all ij € E as follows :

— if ;; = 0 then Z(7, j) = Z(j,7) = 0.

— if x;; = 1, then if 75 is an isolated edge in F' then choose either i of j for a center. Suppose
that ¢ is the choice, set Z(j,7) = 1, z(4,7) = 0 and y(i) = 1, y(j) = 0. If ij is not an isolated
edge in F', suppose without loss of generality that i is a center in F' and Z(j,7) = 1, Z(j,i) =0
and y(i) = 1 and y(j) = 0.

For all i € V, such that i is a singleton in F, set y(i) = 1. It is easy to see that (z,Z,y) thus is

an extreme point of ESFP(T) O

Theorem 7. The projection of ESFP(f) on the variables z;; gives a system consisting of the
M -tree inequalities defined on T and the non negativity inequalities.

Let us perform the projection by Fourier-Motzkin procedure. We shall first eliminate the variables
y. For any ¢ € V, from (14), we have y(i) < 1 — Z(i ))eB Z(i,7) and from (7) we have y(i) >
(i, 7) for all (i,5) € E. Hence, the elimination of the variable y(i) by Fourier Motzkin gives
Z(i,5) + Z(i,k)eE Z(i, k) < 1 which is equivalent to z;; + Z(i,k)eﬁ,kyéj Z(i,k) < 1. Finally, we
obtain the following system :

i + Z Z(i,k) <1 forallieV,andije E (18)
(i.k) B kitj
zi; = Z(i,j)+&(j,i) forallij € E (19)
#(i,j) > Oforall (i,j) € E
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We associate each inequality (18) with a pair (¢,ij) formed by the vertex ¢ € V and an edge
ij € E. We call i the center of the inequality (18) and ij the assignment of the inequality (18).
Any application of the Fourier Motzkin procedure to eliminate variables Z(7, j) can be viewed as
— either replacement of (i, j) + Z(j,4) by x;; in some integer positive linear combination of
inequality 18

— Or trivially eliminate it (i.e combination with —Z(i,j) < 0.

However, not all the linear combinations of inequalities (18) represent an application of Fourier
Motzkin procedure. We say that a linear combination of the inequalities (18) is a correct combi-
nation if it represents an application of the Fourier-Motzkin elimination of the variable Z. The
following remark gives the characteristics of a correct combination of inequalities (18).

Lemma 8. A correct combination of inequalities (18) C' is an integer positive linear combination
of inequalities (18) such that for any edge ij € E

— either i and cj; are equal and strictly positive.
~ or c%j =0 and at least c?j or cjzl-
Where czlj,c?j and cjz»i are respectively the sums of coefficients corresponding to w;;; Z(i,7) and
#(j,4) in C.

1s equal to 0.

Démonstration. Let us simulate the Fourier Motzkin Procedure on C' to eliminate the variables

Z. let ij be any edge in I, we have two possible cases.

— The first case : c?j and cjzl- are strictly positive. Suppose without loss of generality that c%j < c?l
Let Cp (respectively C9) be the set of inequalities (18) participating in C' with a positive
coefficient for Z(, j) (respectively Z(j,i) ). The Fourier-Motzkin procedure uses the equality
(19) together with inequality (18) in Cj to completely eliminate first Z(4, j). Then it uses the
obtained inequalities together with the inequalities (18) in Cy to completely eliminate Z(j, 7).
Hence, the variables Z(j,7) will be completely eliminated only in the case when c?j = cjj-

— The second case : At least c?j or c?i is equal to 0. Let us suppose that without loss of generality
that C?j = 0. Let C3 be the set of inequalities (18) participating in C' with a positive coefficient
for #(j, 7). The Fourier-Motzkin procedure can then use the inequalities in C together with
the inequality —Z(j,7) < 0 to completely eliminate Z(j,7) from Cy . This is only possible if the
equality x;; = Z(4,j) + Z(j, ) has been not involved in the elimination of Z(j,7) before (i.e.
c}j =0).

O

It is easy to see that lemma 8 implies the following corollary.

Corollary 9. Given a correct combination C, we can suppose without loss of generality that the
coefficients in the linear combination C of inequalities (18) are all equal to 1.

Hence, given a correct combination C, we can consider C' as a set of inequalities (18) and the

sums c; c?j and c?i for any edge ij € E becomes the sum of at most one element and have as

779

a ValuejO or 1. For this reason, we will use the term "coefficient" instead of "sum" to call them

from now on. Given two correct combinations C’ and C”. We say that, they are disjoint if for

every edge 1j € F,

— when at least one coefficient ¢
to zero.

— And conversely when at least one coefficient ¢

are all equal to 0.

nLoo 2 2 s i
ij 0 Cig» Cji 18 equal to 1, the coefficients ¢

2 2
Ji 7

i Cijr €

i5» C;i are all equal

12 12
ij> Cigor Cji

nLoon2 2
ij > Cij » €

is equal to 1, the coefficients ¢ i
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We say that correct combination C' is minimal if there is no two disjoint combinations C’ and
C" such that C = C"UC”.

The following lemma gives a characterization of a minimal correct combinations :

Lemma 10. A linear combination C' of inequalities (18) is correct and minimal if and only if the
assignment of the inequalities (18) participating in C' forms a matching of T and the subgraph of
T induced by the centers of these inequalities is connected.

Démonstration. —> Suppose that C' is a correct minimal combination. Let us suppose that the
set of the assignments of the inequalities participating in C is not a matching in 7. Thus, as T’
is a tree, there exist two assignments ¢j and ¢k such that ¢k is the only assignment incident to
k. Suppose that these two assignments correspond respectively to two inequalities (18), I; and
15 participating in C'. We have two possible cases,

— I has i as a center and Is has k as a center. In this case , C is not correct collection since we
have c?k =1, cii =0 but C}k = 1. Contradiction.

— I has j as a center and Is has k as a center. For every edge kp € T', p is not a center in C' since
otherwise T' contains a cycle. Hence, the singleton {I»} and the subset C' \ {l2} are disjoint
which implies that C' is not minimal. Contradiction.

Suppose now that the sub-graph of 7" induced by the centers of the inequalities in C' is not
connected. Suppose that C' C C' such that the sub-graph induced by the centers of the inequalities
in C’ is connected component of the sub-graph induced by the centers of the inequalities in C. For
any vertex ¢ which is not a center in C’, we can see that i is not either a center in C' (otherwise
the subgraph induced by the centers of the inequalities in C’ is not connected component of
the subgraph induced by the centers of inequalities in C'). This implies that C’ and C \ C’ are
disjoint. Hence C' is not minimal. Contradiction.

(< ) Suppose that C' is a combination such that the assignments form a matching M and the
subgraph H induced by the centers of the inequalities in C' is connected. As T is a tree and H
is connected, it is easy to see the edges of H and M form an M-tree where M is the associated
matching. Let us show that C' is a correct combination. For any edge 5 € F.

— if ¢ and j are both centers in C', then c?j =0 (asij ¢ M) and cilj = cjlz

— if exactly one of the nodes 7 and j is a center in C, say ¢ then cgj =0 and cilj =1 and cjli =0.
Hence, C' is a correct combination. Let us show now that C' is minimal. Let C” be any subset of
C, we will show that C’, C” = C\ €’ is not disjoint. As the sub-graph induced by the centers
of C' is connected, there exist an edge 77 € F such that i is a center of C’ and j is a center of
C"”. We can see that cg =1, cﬁ =0 and c;’jQ =0, c;-'f = 1. This implies that C’ and C” are not
disjoint and consequently C' is minimal.

O]

Proof of theorem 7

-

Previous arguments and lemma 9 shows that the projection of ESFP(T) on the variable x;; is
completely characterized by the correct and minimal combination of inequalities (18). Lemma
9 also indicates that for any correct and minimal combination C, the projection represented
by C gives a M-tree inequality. Indeed, the assignment of the inequalities in C correspond to
a M-matching in T as the edge corresponding to the assignments from a matching in 7" and
the sub-graph of T induced by the centers of the assignments is connected. Conversely any M-
matching M of T' corresponds to a correct and minimal combination C' of inequality (18) with
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assignments corresponds to the edges of M and the centers correspond to the subset S of V(M)
of cardinality |M| whose induced subgraph is connected (By the remark 2 the set S is unique).

We can derive from lemma 6 and theorem 7 theorems3.
In the following we generalize the M-tree inequalities.

Now, we consider any connected graph G = (V, E) which is not necessarily a tree or a cycle.
When we project the inequalities (18) on the variables x;; € E for all edges ij € E, since G
may be larger than a tree, we may obtain a larger class of valid inequalities for SF'P(G) than
the M-tree inequalities. In this section, we will characterize such class of inequalities which will
be called the perfect b-matching inequalities. Given a vertex subset S C V', let Gg = (S, E(S5))
denote the sub-graph induce by S. We will suppose that Gg is a connected graph. A perfect
b-matching in Gg is a sub-graph (which is not necessarily simple ) in which the degree of each
vertex in S is b. Given a vertex subset S C V such that Gg is connected and a perfect b-matching
B in Gg. let S C S be the set of the vertices of degree at least 2 in Gg. For each edge ij € E(.5),
let m;; denote the multiplicity of ij in B (m;; = 0 if ij ¢ B). Then the perfect b-matching
subgraph inequalities can be defined as follows :

Z My Ti5 + Z (mij + b)xi; < b|Sa| (20)
ijEE(S)\E(S2) ijEE(S2)

VS C V with Gg connected and for all perfect b-matching B in Gg Note that the M-tree
inequalities described in section 3 is a special case of the perfect b-matching subgraph inequalities
where Gg is a tree and B is a perfect b-matching inequalities. The b-matching inequalities results
from the prjection of the inequalities (18) from any graph (not necessary a tree).

Theorem 11. The projection of the b-matching inequalities (18) on the variable x;; for allij € E
gives a perfect b-matching inequalities.

Let us consider the separation problem of the perfect b-matching subgraph inequalities, i.e.
given a solution z* € [0,1]¥, we want to know if 2* violates some perfect b-matching subgraph
inequalities and if yes, then exhibit at least one. We will solve it via the extended formulation
given in section 3. Precisely , we solve the following linear program (SEP).

(SEP)min Z dij
ijeE
> @i k) -6
(i,k)€E k]
Z(i,5) +%(j,i) = wj;forallijeE
#(i,7),%(j,4),0;5 > Oforallij € E.

IN

l—ajforallieVije &

Conclusion

In this work we emphasized on the tight relation between facility location and star forest pro-
blem. We prove that the prize collecting version of the uncapacitated facility location linear
programming problem with the edge-arc constraints defines a compact extended formulation of
the star forest problem when the graph is tree.
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An interesting direction for future works could be exploiting the results on trees in this paper to
derive a complete linear description for SFP(G) when G is a cactus. Our complete description
on trees could be helpful in the exact solution of the MW SF P for general cases as star forest is
always a subgraph of a spanning tree in G and complete linear descriptions of spanning tree in
G are known.
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Résumé : Nous nous intéressons au probléme du p-médian qui consiste & localiser p sites
parmi un ensemble de m sites, pour construire des dépots destinés & approvisionner un
ensemble de clients, qui minimise simultanément deux ou plusieurs fonctions objectif. Nous
proposons une approche hybride pour sa résolution.

Mots clés : Optimisation multiobjectif, méthodes exactes, métaheuristique, probléme du
p-médian.

MSC(2010) : 90B50, 90C27.

Introduction

La résolution du probléme du p-médian est souvent difficile, il est réputé appartenir & la classe des
problémes connus comme étant "INP-dur". Dans le cas ou plusieurs critéres sont & optimiser,
la problématique se complique davantage car ces critéres sont souvent contradictoires. Pour
répondre & ce probléme, la communauté scientifique a adopté deux types de comportements.
Le premier est de ramener le probléme multiobjectif & un probléme Aia un seul objectif. Le
second comportement est de tenter d’apporter des réponses au probléme en prenant en compte
I’ensemble des critéres. Notre probléme consiste a8 minimiser deux objectifs simultanément, il est
défini comme suit :

m n
min E E dijxij,
i=1 j=1
n
min g fivj,
Jj=1

n
(P) inj =1 izl,...,m
j=1

Tij <y i=1,...mj=1,...,n

n
>y = p
j=1

{0,1} i=1,....m,j=1,...,n

m

Y5, Tij

ol tous les paramétres sont supposés étre des nombres entiers non négatifs.
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De nombreuses méthodes d’optimisation ont été proposées pour résoudre de maniére exacte ou
approchée le probléme du p-médian. Nous retrouvons parmi les méthodes de résolution exactes,
l'algorithme par les multiplicateurs de lagrange en paralléle d’une procédure par séparation et
évaluation (Homberg, Ronnqvist, et Yuan, 1999). L’heuristique GRASP avec chemin relier (José
FElias, 2010), I’Algorithme Génétique Multi Objectif "MOGA"(José Elias, 2010), Une approche
interactive (Olga Karelkina, 2012) traitant le cas tri-objectif. Une méthode hybride basée sur
I'heuristique de recherche locale réalisée par (Maria C.V.Nascimento)...

Dans ce travail, nous proposons une approche hybride pour la résolution du probléme du p-
médian multiobjectif. Cette approche combine deux types de méthodes : une méthode exacte
et une méthode approchée tout en basant sur 'une des différentes approches de résolution de
Ioptimisation multiobjectif.

Algorithme hybride pour le probléme du p-médian bi-objectif

L’approche proposée hybride la méthode "Relaxation Lagrangienne" et I’ Algorithme génétique".
Elle utilise se base sur 'approche d’agrégation des fonctions objectifs I'une des méthodes agrégées
de l'optimisation multiobjectif qui est la moyenne pondérée, elles consistent & transformer le
probléme & multi objectif en un probléme & simple objectif.

Cette approche hybride met en évidence 'importance d’une gestion efficace de la diversité, ainsi
que le role de l'intensification afin de trouver des solutions satisfaisantes.

L’ “Algorithme Génétique” est une méthode bien connue pour son aptitude a intensifier la re-
cherche. Avec l'intégration de la Relaxation Lagrangienne au niveau de la fonction fitness ( sa
résolution se fait par l'algorithme du sous gradient), nous permet d’obtenir une borne inférieure
par rapport aux deux objectifs pondérés & chaque itération, et de 'améliorer par la suite avec
I’algorithme génétique.

Conclusion

Dans ce document, nous avons présenté le probléme du p-médian multiobjectif. Aprés, nous avons
cité quelques méthodes de résolution relatives au probléme p-médian mono et multi objectif
existantes dans le champ.

Ensuite, nous avons proposé et abordé la méthode hybride combinant la "Relaxation Lagran-
gienne" et la métaheuristique "Algorithme Génétique".
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Résumé : Dans cette communication, nous nous intéresserons & ’étude d’identification et
sélection d’un sous ensemble d’objets parmi une collection d’objets donnée. Nous aborderons
la notion de domination dans les graphes réseaux et plus précisément la domination positive
qui est utile dans la résolution de certains fléaux sociaux propagés sur des réseaux sociaux
en ligne.

Mots clés : Ensemble dominant positif, Réseaux sociaux en ligne, Fléaux sociaux.

MSC(2010) : 05C69, 05C76.

Introduction

Beaucoup de fléaux sociaux du monde physique ont apparu et développé sur les réseaux sociaux
en ligne tel que Facebook, Twitter, Instagram,... des problémes dii a4 I'exercice et imposition de
I'influence négative entre les individus.Si par exemple, une personne est dépendante aux jeux
vidéo en ligne, elle peut influencer ses amis & en dépendre. Et donc pour lutter contre cette
mauvaise attitude, on doit sensibiliser tout ’ensemble du groupe d’individus. Cependant quels
individus doit-on choisir afin d’exercer I'influence positive sur le groupe d’individus ?

Notions de domination

Etant donné un graphe G = (V, E), un ensemble D de sommets de G est dit ensemble dominant
si tout sommet de V' \ D posséde un voisin dans D.

Domination positive

Un ensemble dominant positif est un sous-ensemble P de sommets dans G, si chaque sommet u
dans V' \ P est dominé par au moins pd(u) sommets dans P, ol :

p : appelé facteur d’'influence et est 0 < p < 1, (souvent p = 0.5).

Autrement dit,
Vu € VAP : [N(u) N P| > pd(u).

Le probléme s’écrit comme suit :

DoMm Pos : Recherche d’un ensemble dominant positif ————

Données : Un graphe non orienté G.;
Reésultat : Un ensemble P dominant positif dans G, de cardinal minimum.
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Domination positive totale TPIDS

Un ensemble dominant positif total est un sous-ensemble T" de sommets dans G, si chaque sommet
u dans V' est dominé par au moins pd(u) sommets dans 7.

Autrement dit,

Vu eV |N(u)NV] > pd(u).

Le probléme s’écrit comme suit :

DoM Pos : Recherche d’un ensemble dominant positif total ——

Données : Un graphe non orienté G.;
Résultat : Un ensemble T" dominant positif total dans G, de cardinal minimum.

Complexité

Wang et al. [1] ont montré que les problémes de recherche d’ensemble dominant positif de cardinal
minimum dans un graphe donné sont des problémes NP-complets. Wang et al. [2] ont par ailleurs
démontré par des L-réductions & partir des problémes de couvertures de graphes cubiques, que
les problémes de domination positive sont AP X-durs.

Approches de résolution

Le probléme de domination positive PIDS a été initi¢ par Wang et al.[1] en 2009, ils ont proposé
un algorithme glouton pour la sélection d’'un dominant positif, en choisissant le sommet qui
domine plus de sommets négatifs, et ils ont montré que cet algorithme donne une approximation
de 1+ O(1) avec une petite constante dans O(1) pour le probléme d’ensemble 1-dominant dans
les graphes de loi de puissance.

Puis ils ont proposé par la suite un algorithme glouton avec un ratio d’approximation de H(J)
avec H une fonction harmonique et § le degré maximum d’un graphe représentant un réseau
social.

Considérons un graphe G = (V, E) une instance de PIDS.

Pour tout sous ensemble A C V', ny(v) désigne le nombre de voisins de v dans A. Et pour tout
sommet v de degré d(v), on note h(v) = [d(v)/2].

Définissons la fonction f(A) = Z min(h(v),na(v)).

veV
Lemme 1. Nous avons :
1. f(0)=0.
2. f(A) = Z h(v) si et seulement si A est un ensemble dominant positif.
veV
3. 81 f(A) < Z h(v), alors il existe un sommet u € V — A tel que f(AU {u}) > f(A).
veV

Lemme 2. f est une fonction monotone croissante.
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Lemme 3. f est une fonction sous modulaire.

Théoréme 4. Soit f une fonction monotone croissante et sous modulaire avec f(0) = 0. Alors
Ualgorithme glouton fournit une solution approzimative d’un facteur H(vy) de l'optimal, ot vy =
max f({v}) et H une fonction harmonique, i.e, H(y) = >.]_; 1/i.

ve

Zhang et al. [6] ont montré que cet algorithme a un ratio d’approximation constant dans les
graphes de loi de puissance, ol les séquences de sommets suivent une distribution en loi de
puissance, et que peu de sommets peuvent dominer positivement tout l’ensemble des sommets
du graphe réseau.

Théoréme 5. Pour le probleme de domination positive dans les graphes de loi de puissance,
lalgorithme glouton a un ratio d’approximation constant de 1+ ((1/(8—1))+Iny)(1 — (1/(v +

).

Thang et al.[4] ont montré que ni la domination positive PIDS ni la domination positive to-
tale TPIDS peuvent étre approximées avec un facteur de (1 — &) Inmax{A, |V|'/2} avec A le
degré maximum d’un graphe donné. Et ils ont prouvé que les deux problémes peuvent avoir
une approximation de facteur In A + O(1) dans les graphes aléatoires. Ainsi, ils ont proposé un
algorithme exact en temps linéaire pour la classe des graphes arbres.

Théoréme 6. Etant donné un graphe G = (V, E), il existe des algorithmes en O((|V|+|E|) loglog [V]))
qui approchent le PIDS de H((p+ 1)A) et le TPIDS de H(A).

Certains autres travaux ont été consacrés a ’amélioration de la performance des approches
gloutonnes pour ce probléme de domination positive. Nous citons les travaux de Raei et al.
[3], et ceux Mathew Rink [5] dans lesquels les auteurs ont proposé des heuristiques efficaces
polynomiales de complexité quadratique (O(n?)).

Conclusion

Parmi les fléaux sociaux circulant sur les réseaux sociaux en ligne, nous avons la dépendance des
internautes aux jeux vidéos en ligne. Et dans le cadre de notre recherche, on estime exploiter
ces essentielles notions de domination positive et les caractéristiques combinatoires des graphes
réseaux pour éliminer ce fléau.
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Abstract : The development of technologies provide vast quantities of unlabeled data, and
to build a classifier from these data labels are required, and obtaining them is costly.
Active learning is a powerful form of supervised machine learning characterized by interac-
tion between the learning algorithm and supervisor during the learning Process, the learner
is allowed to select which instance to query, in this way, the learner aims to achieve high
accuracy with as little labeling effort as possible.
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Introduction

The most important issue with active learning is how to select the right points that improve the
predictive performance of the model, various query strategies have been proposed to undo this
issue by measuring the informativeness and/or the representativeness of data points. The infor-
mativeness of a point measure his impact in reducing the uncertainty of the model based only
on the labeled data, although the representativeness of the same point conceder the unlabeled
data by measuring how much the query point represent the underlying distribution.

Querying data points based on their informativeness return a serious sample bias and lack of
performance, and using just the representativeness of the data points make the model in need
of a large number of points to found the optimal decision boundary. To over come this lakes,
approaches taking into account both informativeness and representativeness of the data have
been studied.

In previous active learning studies,a variety of query strategies has been proposed such as : uncer-
tainty sampling, query by committee, expected model change, expected error reduction,variance
reduction, and density weighting [1].

Advantages

There has recently been an explosion of fascinating theoretical results on the advantages of
active learning, compared to passive learning, in terms of the number of labels required to obtain
a prescribed accuracy (called the sample complexity).

Hanneke [2] has been able to prove that for any passive learning algorithm,there is an active
learning algorithm achieving asymptotically strictly superior sample complexities simultaneously
for all nontrivial target functions and distributions.
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Résumé étendu

Le probléme de la combinaison multicritére a fait I’objet d’une étude trés approfondie de la part de
pas mal de chercheurs & I'image de STEUER 1986 dans le cas de la prise de décision multicritére.
Elle s’impose souvent, dans les problémes ol nous disposons d’un ensemble d’alternatives que
nous sommes tenus de choisir ou de juger leurs pertinences. Ce choix doit prendre en considération
I'interaction qui peut exister entre différents critéres liés a ces alternatives.

Cette combinaison multicritére peut apparaitre dans la littérature sous forme d’une agrégation
multidimensionnelle. Lors d’une étude d’un probléme social ou méme combinatoire la recherche
d’information posséde un caractére multidimensionnel, c’est-a-dire, considérer & la fois 'impact
de tout un ensemble de critéres sur la pertinence de l'information.

Le domaine de la Recherche d’Information a connu un nombre trés appréciable de publication
pendant les deux décennies 1970—1990 et des nouvelles publications ont vu le jour par cosijn et al.
en 2000 et par saracevic en 2007. L’importance d’une information se traduit sur le document qui
la porte, alors I’évaluation de la pertinence du document portera essentiellement sur le calcul des
critéres individuel (score individuel), ces derniers ont montré une incapacité réelle pour pouvoir
trancher sur cette derniére (la pertinence), alors I'aspect de ce concept s’est imposé d’une maniére
inévitable.

Pour répondre a ce type de probléme, nous proposons de traiter le probléme d’agrégation de
pertinence multidimensionnelle a I'aide de I'intégrale de Choquet (Choquet 1953).Cet operateur
permet de définir des poids d’importance non seulement sur des critéres uniques, mais aussi sur
des combinaisons de critéres. Le choix de l'intégrale de CHOQUET est motivé par sa capacité
(capable) & généraliser plusieurs opérateurs d’agrégation classiques.

(GRABISCH et al. 2000) L’intégrale de Choquet a été proposée par Choquet (1953) comme
une fonction d’agrégation des cotits généralisant la somme pondérée a travers l'utilisation de
capacités.

Définition 2. L’intégrale de Choquet d’un vecteur x € N pour une capacité v est définie
par :

) =Y [v (X)) —v (X)) 20 = D [26) — za-n] v (X)) -

i=1 i=1
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L’intégrale de Choquet peut donc étre vue comme la somme des écarts marginaux x ;)7 (1)
pondérés par v (X (Z-)) avec v (X (Z-)) le poids de I’ensemble des critéres pour lesquels la performance
est d’au moins x(g).

L’apprentissage des mesures floues, donnant lieu ainsi & une méthode générale qui est capable de
traiter le probléme d’agrégation multicritére indépendamment du nombre de critéres utilisés et
quelque soit la le cadre d’agrégation. En perspective, nous envisageons d’effectuer une analyse
raffinée au niveau des requétes pour un apprentissage dynamique des mesures floues.
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Résumé : Les SIG, systémes d’information géographiques, stockent des données géo-
référencées dans des bases de données géographiques, ouvrant ainsi de grandes potentialités
en termes d’exploitation. Une utilisation fréquente des SIG concerne la prise de décision a
référence spatiale. En effet, les SIG, par leur capacité dans le stockage, la gestion, ’analyse,
la modélisation et ’affichage de données a référence spatiale, se présentent comme l'outil le
plus adéquat pour appréhender les problémes de décision a référence spatiale. Néanmoins,
la technologie SIG actuelle souffre encore de plusieurs lacunes dues en grande partie & un
manque de capacités analytiques capables de supporter les problémes spatiaux. La solution
la plus diffusée pour faire évoluer les SIG vers un vrai outil d’aide & la décision est de les
coupler avec les outils de la recherche opérationnelle et en particulier avec ’analyse multicri-
tére (AMC). En effet, 'AMC offre a I’évidence plusieurs avantages au niveau de la prise de
décision lorsque ’on doit prendre en compte des intéréts conflictuels. Elle apporte le support
nécessaire pour combler ces lacunes. Cependant ce couplage présente plusieurs limites qui
les empéchent de se diffuser au-dela du cadre académique.

Dans cet exposé nous présentons les différentes techniques utilisées ainsi que leurs limites.

Key words : Star forest, facility location, Fourier Motzkin elimination
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Abstract : In this paper, Integer Multiple objective Linear programming problem in un-
certain environment is studied. Once the problem is converted into a deterministic one by
adapting the 2-levels recourse approach, a pivoting technique based on successive additional
constraints is applied to generate the whole set of efficient stochastic solutions. The combi-
nation of both approaches, L-Shaped and the aggregation of objective method, enables us
to come up with a new algorithm that converges to Pareto optimal solution set.

Keys words : Stochastic Linear Programming, Multiple objective optimization, L-Shaped.

MSC(2010) : 11T23, 20G40, 94B05.

Introduction

In this paper, we propose a new combined method that solves such problems in the criteria space,
mainly based, on the L-shaped technique |5] and weighted sum aggregation. The admissible region
is reduced progressively by adding some constraints eliminating efficient solutions previously
found. Finally, the proposed algorithm gives the whole set of all non dominated stochastic integer
solutions.

Given a Multiple Objective Integer Linear Programming Stochastic problem (MOILPS)

“min”Z;, =Crx; k=1---p
(Pso) { s.t. reD={xeN'"|Ax=0b, Te =h} (21)
Where z is the decision vector variable of dimension (n x 1), Ck, T, h are random matrices of
dimensions (pxn), (m1 xn) and (m; x 1) respectively, with a known joint probability distribution
which is not influenced by the choice of the decision x and defined on a probability space (2, E, P).
We assume that A, b are fixed known integer data (deterministic) of dimensions (m X n) and
(m x 1) respectively. We suppose also, that we solve pure integer linear programming problems.
Given a joint finite discrete probability distribution (f(r) , p(r)); Vr € {1,---, R}. For each scenario
£ of the random variable ¢ we associate a criterion Z,., = Cy(€0)z, T(¢€0)) and h(£()). The
L-shaped technique is based on two main stages : The first stage consists of solving a linear
programming problem for testing the feasibility of a given solution and adding more constraints
whenever the test is not positive. In the second stage we test the optimality of an admissible
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solution and evaluating the corresponding penalty due to violation of some constraints. In The
proposed method we need to start with a feasible initial solution of the deterministic problem.
The next paragraph presents the way how to transform a stochastic problem into equivalent
deterministic problem.

We use the aggregation function of the objectives, after passing to deterministic problem so as
we optimize it over the current admissible domain.

Resolution in stochastic environment

The resolution of this problem is proceed via two main stages (L-shapped method). In the
first stage, the stochastic problem is converted into a deterministic one using mathematical
expectation approximation. In order to overcome violation constraints problem, we search for
the optimal penalty value (see [5]). The relaxed problem (Py) is solved to obtain a first efficient
solution with optimal penalty (see results in [4]. The Efficiency and non-dominance are defined
in the classical manner (see [6]).
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Abstract : In the literature, several methods have been proposed for ranking fuzzy subsets.
As fuzzy numbers are a special fuzzy sets, many are methods that are proposed for solving
Multiple Objective Linear Programming Problems emerging in a fuzzy environment. The
fuzziness of such a problems may touch objective functions or constraints or both of them
and it can be modeled in several ways. Fuzzy efficiency has also been defined according
to different approaches. In this paper, we present a possibilistic approach to determine an
optimal solution of a fuzzy linear function over a set of fuzzy efficient solutions of a Fuzzy
Multiple Objective Integer Linear Programming (FMOILP) problem where coefficients are
modeled as LR—flat fuzzy numbers.

Keys words : Fuzzy numbers, membership function, Fuzzy Multiple Objective Integer
Linear Programming, defuzzification, Possibility measure, Necessity measure

MSC(2010) : 90C29, 03E72, 90C70

Résumé : De nombreuses méthodes ont été proposées dans la littérature pour ranger
des sous-ensembles flous. Comme les nombres flous sont des ensembles flous spéciaux, nom-
breuses aussi sont des méthodes qui ont été proposées pour résoudre des problémes de
programmation linéaire multi-objectif émergeant dans un environnement flou. Le flou d’un
tel probléme peut toucher les fonctions-objectifs ou des contraintes, ou méme les deux et
il peut étre modélisé de plusieurs fagons. L’efficacité floue a également été définie selon
différentes approches. Dans cet article, nous présentons une approche possibiliste pour dé-
terminer une solution optimale d’une fonction linéaire floue sur un ensemble de solutions
floues efficaces d’un probléme de programmation linéaire flou en nombres entiers (FMOILP)
ou les coefficients sont modélisés comme des nombres flous plat (LR-fuzzy).

MSC(2010) : nombres flous, fonction d’appartenance, Programmation Linéaire Multi-
Objectif Floue en nombres Entiers, déffuzification, mesure de possibilité, mesure de nécessité.

Extended astract

Most of the real world problems are represented by mathematical equations having several ob-
jective functions to be optimized. Such models are in fact incorrect in the sense that classical
optimization meaning does not hold. Moreover, when the parameters are uncertain the model
becomes more complicated. As far as we know, there is no method that solves these kind of
problems without switching to deterministic case. The reason why we need to give an estimated
mathematical formulation to each imprecise information. This latter, can be found in stochastic
or/and fuzzy environment. Since the fuzzy theory was born (L. A. Zadeh, 1965), the searchers
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have given a great consideration to nature of fuzzy parameters when solving Multiple Objective
Linear Programming problems (MOLP). Many resolution methods have been developed to solve
several operations research optimization problems (e.g. Air Traffic Control, crew scheduling pro-
blems, Transportation problems, etc.), where the mode has to be defuzzified as a first stage and
then the deterministic obtained problem is solved.

H.J. Zimmermann (1978), suggest converting The Fuzzy MOLP problem into single objective
optimization problem (Max-Min problem) by using Bellman and Zadeh’s fuzzy decision model
(1970). In this approach, both the decision goals and the decision constraints should be satisfied,
then the joint decision is to be maximized. This approach is available only if the DM feels that
the information regarding the fuzzy goals and/or that regarding the fuzzy constraints can be
combined, which is rarely the case in practice. M. Sakawa et al.(1987), propose an interactive
method for a FMOLP problem with fuzzy goals of the DM and define the concept of M —Pareto
optimal solution in terms of membership functions instead of objective functions. The DM has
then to specify a reference membership value for each fuzzy objective function and a M —Pareto
optimal solution is obtained by minimizing the distance between membership functions and their
reference membership levels using L., norm. This approach is interactive in the sense that the
reference levels can be changed from one iteration to another, as well as the membership functions
of fuzzy goals. Subsequently, some extensions of these two approaches have been proposed in the
literature. Both approaches are investigated on two phases : the fuzzy model is first converted to
a deterministic one, then an optimization technique is applied to solve the latter. M. Inuiguchi
and M. Sakawa (1996) investigated an approach on a third phase in which they examine the
efficiency of the obtained solution and they define two kinds of efficient solutions : possibly and
necessarily efficient solutions to a possibilistic multiobjective linear programming problem.

A large Pareto optimal set can not help the Decision Maker (DM) to take the best appropriate
decision. If the DM would prefer an efficient solution that optimizes a particular function of
decision variables, we are therefore faced to an optimization problem over an efficient set of
MOLP problem.

When the decision variables are integers, the set of feasible solution is no more convex; few
methods are developed and branch and bound techniques or/and Branch and cut algorithms are
imposed.

In this paper, we investigate the problem of optimizing a linear function over an efficient set of a
Multiple Objective Integer Linear Programming (MOILP) problem within a fuzzy environment
(all parameters are fuzzy) using possibility theory.
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Résumé : Un graphe est QCF (Quasi Claw Free) o quasi sans griffe, si pour toutes
paires (z,y) de sommets tel que d(z,y) = 2, il existe un sommet u € N(x) N N(y) tel que
N(u) € N[z] U NJy]. On dit d’un graphe qu’il est triangulairement connexe si pour toutes
paires d’arétes ej,es € F(G), il existe un chemin de triangles -Un chemin de triangles est
une séquence de triangle Ty, Ty, ...T- tel que e; € T} et es € Ty avec E(T;) N E(Tj11) # 0
pour 1 < ¢ < k — 1. Nous souhaitons démontrer que pour touts graphes G Quasi claw free
triangulairement connexe, G est a cycles pleinement prolongeable.

Mots clés : Graphe quasi sans griffe, Cycles pleinement prolongeable, Graphe triangulai-
rement connexe, Graphe hamiltonien.

Introduction

Dans ce qui suit, les graphes considérés sont non orientés et finis, sans boucle, sans arétes doubles,
ainsi que sans sommet isolé. Notons n 'ordre du graphe G = (V, E). Soit S C V(G), N(S) est
appelé voisinage de S dans G, et on note N[S] = N(S)U{S}. < S > est le sous graphe induit
par S dans G. Pour un entier [, 3 < I < |V(G)|, un l-cycle est un graphe connexe 2-régulier
avec [ arétes. Un triangle de G est un 3-cycle dans G. Un graphe est Hamiltonien si il posséde
un |V(G)|-cycle Figure 1. Un graphe G est pancyclic, si G contient un cycle d’ordre [ pour tout
3 <1 < |V(G)]| Figure 2. Un graphe G est dit sommet pancyclic si tout sommet de G est dans un
cycle d’ordre [ pour tout 3 <[ < |V(G)| Figure 3. Un graphe G est dit & cycle presque (almost)
pleinement prolongeable, si tous sommes de G est dans un triangle, et que pour touts cycles C
de G de longueur r et nonHamiltonien, il existe un cycle C’ dans G de longueur r + 1 tel que
[V(C)NV(C)| > r—1, on dit de C’ alors que c’est une presque (almost) extension de C. Un
graphe G est dit a cycles pleinement prolongeable, si touts sommets de G est dans un triangle,
et que pour tout cycle C' de G de longueur r et nonHamiltonien, il existe un cycle C’ dans G de
longueur r + 1 tel que |V(C)NV(C")| = r Figure 4, on dit alors de C" qu’il est une extension de
C.

Figure 1; Figure 2; Figure 3; Figure 4;
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Le graphe étoile est le graphe biparti complet K ,, il peut étre percu comme un arbre avec
une racine et k feuilles, cette racine est communément appelée centre de 1’étoile. On appelles
une griffe le graphe étoile K 3. G est un graphe sans griffe si il ne contient pas de sous-graphe
isomorphe au graphe griffe.

Figure 5 : A est le centre de la griffe;

La notion de graphes Quasi sans griffe fut introduite par Ainouche dans [1] . On associes a
toutes paires (z,y) de sommets 'ensemble J(z,y) = u € N(x) " N(y) : N[u] C N[z] U N[y]. On
dit d’'un graphe G qu’il est Quasi sans griffe si pour toutes pairs (z,y) de sommets de G a distance
2 est associée ’ensemble J, tel que J(x,y) # 0. De cette définition on peut conclure que touts
graphes Claw-free (sans griffe) est Quasi claw free (quasi sans griffes).

Conditions locales

Un sommet v dans G est localement connexe si < N(v) > est connexe. On notes par B(G)
I’ensemble des sommets lesquels ne satisfont pas la définition de la locale connexité B(G) =
{veV(G): < N(v) > nlest pas connexe }. Si touts sommet d'un graphe G est localement
connexe alors G se dit localement connexe. Un graphe G est Quasilocalement connexe si touts
ensembles de points d’articulation de G contient au moins un sommet localement connexe. Un
graphe G ce dit Almost localement connexe si pour tout sommet v € B(G), il existe un sommet
u € V(G) — {v} tel que < N(v) U {u} > est connexe.

Dans [1] Ainouche démontre le théoréme :

Théoréme 1. (Ainouche, [1]). Tout graphe G connexe, localement connexe d’ordre n, n > 3
Quasi sans griffe est pancyclic.

Dans le méme article, nous retrouvons la conjecture suivante :

Conjecture 2. (Ainouche, [1]). Tout graphe conneze, localement connexe d’ordre n, n > 3 quasi
sans griffe est sommet pancyclique.

Un chemin de triangles est une séquence de 3-cycles Ty, Ty, ... T telle que E(T;) N E(T;41) # 0
pour 1 < ¢ < k — 1. Un graphe G est triangulairement connexe si pour toutes paires d’arétes

e1,e2 € E(Q) il existe un chemin de triangles de tel sorte que e; € Ty, e € Tj. Il est claire que
touts graphes localement connexe est triangulairement connexe.

Dans [3] Zhan démontre la conjecture d’Ainouche avec :
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Théoréme 3. (Zhan, [3]). Tout graphe G triangulairement connexe d’ordre n, n > 3 quasi sans
griffe est sommet pancyclic.

C’est ensuite que Qu et Wang apportent une nouvelle preuve a la conjecture d’Ainouche avec :

Théoréme 4. (Qu, Wang, [4]). Tout graphe G quasi localement connexe d’ordre n, n > 3 Quasi
sans griffe est sommet pancyclic.

Théoréme 5. (Qu, Wang, [4]). Tout graphe G Almost localement connexe d’ordre n, n > 3 quasi
sans griffe est sommet pancyclic.

Dans [5] Benmeziane démontre une nouvelle fois la conjecture d’Ainouche, on utilisant les méme
conditions précédemment utilisé par Zhan et aboutie au résultat suivant :

Théoréme 6. (Benmeziane, [5]). Tout graphe G triangulairement connexe d’ordre n, n > 3 quasi
sans griffe est almost pleinement prolongeable.

Nous pensons que sous les mémes conditions que pour le théoréme 5, (ou méme le théoréme 2)
nous obtenons des graphes & cycles pleinement prolongeables. Ainsi nous avons :

Conjecture 7. Tout graphe triangulairement connexe d’ordre n, n > 3 quasi sans griffe, est a
cycle pleinement prolongeable.
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Résumeé : Ce travail porte sur I'hamiltonicité et pancyclicité des superclasses de graphe
sans étoile. Pour un graphe H, le graphe G = (V, E) est dit sans H s’il ne contient aucun
sous-graphe isomorphe & H. Un graphe est triangulairement connexe si pour tout couple
d’arétes (e1,e2) € E?, il existe une séquence de 3-cycles Cy,Cy,...,C; telle que e; € Cf,
es € Cp et E(C;) N E(Ciy1)) = 0 pour tout 1 < ¢ < [ — 1. La superclasse de graphes
partiellement sans étoiles, définie par (Z. Benmeziene, [1]), est une superclasse de graphes
sans étoile. Elle contient les superclasses de graphes nearly sans étoile, définie par (M. Zhan,
[4]), et de graphes presque sans étoile, définie par (Ryjacek, [2]). Un graphe G = (V, E)
d’ensemble de centres A est partiellement sans étoile si pour tout sommet u de A, il existe
deux sommets x et y de V — A tel que Ng(u) C N[z] U N[y]. On dit aussi que Ng(u) est
2-dominé dans V — A. Si les sommets d’'un cycle de longueur [ appartiennent a un cycle
de longueur [ + 1, alors le cycle est dit prolongeable. Si dans un graphe G tout cycle non
hamiltonien est prolongeable, alors le graphe G est dit & cycle prolongeable (i.e. Si pour
tout cycle C de longueur [ < |V(C)| — 1, il existe un cycle C de longueur I + 1 tel que
[V(C)NV(C)| =1, alors G est a cycle proloneable). Un graphe G est a cycle pleinement
prolongeable s’il est & cycle prolongeable et tout sommet v de G se trouve sur un triangle.
Notre travail consiste & montrer que si un graphe G triangulairement connexe, sans K 4,
sans Ky, sans Cy, est pariellement sans et A son ensemble d’étoile est un couplage, alors G
est un graphe a cycle pleinement rpolongeable.

Mots clés : Hamiltonicité, pancyclicité, graphe triangulairement connexe, graphes nearly
sans étoile, graphes presque sans étoile, graphes a cycle prolongeable, et graphe a cycle
pleinement prolongeable.
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Abstract : The purpose of this paper is to provide an exact approach especially designed
for the minimum sum coloring problem. The problem asks to find a proper vertex coloring
of a given graph G, using natural positive numbers, such that the total sum of the colors
is minimized amongst all proper colorings of GG. Formally, we develop an algorithm, called
Stable Max Sum Chromatic (SMSC), based on the integer programming formulation of the
maximum independent set problem including some removes of symmetrical feasible solutions
obtained by colors permutation and some heuristics to improve cost bounds during the
process.

Keys words : chromatic sum problem, sequences in graphs

MSC(2010) : 05C15; 90C10.

Introduction

The general idea of the minimum sum chromatic problem (M SCP) was first discussed in the
context of VLSI design by Supowit [6] in the form of an optimal cost chromatic partition
problem (OCCP) which is a generalization of M. SC'P in order to find the coloring with costs of
colors. Formally the M SCP was posed by Kubicka and Schwenk in [3] where also they proved
its NP-hardness in the general case. However, the chromatic sum can be accurately calculated
in polynomial time for special cases of bipartite graphs [4], interval graphs [5] and trees [3].

Problem definition

A coloring of a graph G = (V,FE) is a mapping ¢ : V — N and a k-coloring is a coloring
c:V —{1,2,...,k}. A coloring is proper if adjacent vertices receive different colors. If there is
a proper k-coloring for a graph G, then G is said to be k-colorable.

A proper k-coloring may also be seen as a partition V into k independent sets S1,--- , Sx where
each vertex in S; is colored with color ¢, fori =1,..., k. MCSP asks to find a proper k—coloring
that minimize the total sum of colors assigned to the vertices. This minimum sum coloring is
called the chromatic sum of G and is denoted by X(G). The smallest number of colors used in a
minimum sum coloring of G is called the strength of G, and is denoted by s(G).
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Fundamental operations in coloration

We define three principles operations in coloration of graphs : One Move and Ezchange 2] which
are used in procedure named Improve 1 and 2 with different manners. Also, Cost Sharp which
is one of our contribution that can reduce the size of the search’s area based on the notion of
sequences presented in [1].

Exact algorithm for MSCP

We work with these two parametric models P, P> extended from the original one :

S
max YY" o
=1 ueV
S
Z;UL =1 VueV
=1
xlu—k:ci) < 1 YVuv € E,1 <1 <s
2 > 1
Pl(YQ,S): uEZV U
Zx@—Zx?jl > 0 Vi<i<s-—1
ueV ueV
S S
)IDWEAEE 3) P
=1 ueV =1 ueVv
#, = 0 Yu € V.1 > deg(u) + 1
zt, e {0,1} Vue E, 1<1<s
Model P;
S
mas(Y2 o)
=1 ueVv
doal > 1+
ueV
S
in =1 VueV
=1
Py(Y1,s,t) = acfl—&—acflu <1 Vuv € E,1 <1< s
Zx{ufzbrfj'l > 0 Vi<i<s-—1
ueV ueVv
S S
DD WEAEES 3 PG
=1 ueV I=1 ueV
:L'L =0 Yu eV and | > deg(u) + 1
zl, e {0,1} Vuec B, 1<1<s
Model P,
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The final algorithm is presented as following :

Algorithm 1 Final algorithm

Data: G
Result: X*
begin
Initialization : X*, Y1,Ys := null; S := [(A + col(G))/2]
We use a preprocessing to get solution X; Y5 := X
Solve P;(Y2,S), let Y its solution
if Y7 does not ezist then goto 11 Apply improvel(Yy), t =1
Solve P5(Y1,S,t), let Ys its solution
if Y5 does not exist then goto 14 Apply improve2(Ys)
/* let ¢,p the associated sequences of (Y2,Y]) respectively x/
Apply costSharp(q,p) and goto 4
Put §:=5-1
if S > 2 then goto 4X™* :=Y5 and Terminate
t:=t+1
if |Y{ 7't =|(¥1)!| then
‘ if t < S then goto 14X™ := Y] and Terminate
else
if t < S then goto 7X™* := Y7 and Terminate
Conclusion

In this work, we have combined between two important theoretical tools; sequences in coloring
and linear programming which have made highly improvement in terms of running time. This
qualifies our method to be the first exact method built specifically for M SC P with an acceptable
running time on several benchmarks.
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